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COHOMOLOGY OF NILPOTENT SUBALGEBRAS OF AFFINE LIE ALGEBRAS
A. FIALOWSKI (Communicated by Roe Goodman)
ABSTRACT. We compute the cohomology of the maximal nilpotent Lie algebra of an affine Lie algebra g with coefficients in modules of functions on the circle with values in a representation space of g . These modules are not highest weight modules and are somewhat similar to the adjoint representation.
Let g be a finite-dimensional semisimple Lie algebra, b a Bore1 subalgebra of g ,and n+ c b the maximal nilpotent ideal of b . The Bott-Kostant Theorem for Lie algebra cohomology is the following.
Theorem [K] . Let V be an irreducible representation of g with dominant highest weight and n a maximal nilpotent subalgebra of g . Then dim Hi(n ; V) is equal to the number of elements of length i in the Weyl group of g . Consider the affine infinite-dimensional graded Lie algebra 6 = g @ @[t , t-'1 corresponding to g , with di = g @ ti. There are at least two analogues of the above Theorem for affine algebras. The most direct analogue is the following:
if V is an irreducible representation of the current algebra 6 with dominant highest weight and A+ is a maximal nilpotent subalgebra of 6 , that is, then dimHi(ii+; V) is equal to the number of elements of length i in the Weyl group. This Theorem was proved by Garland in 1975 [GI and Garland and Lepowsky in 1976 (see [GL] ). The proof is similar to that of the finitedimensional case. In this paper we present the proof of a different analogue of the Bott-Kostant Theorem obtained jointly with Feigin and announced in [FF] . Namely, we compute the cohomology of A+ with coefficients in modules of functions on the circle S1 with values in a representation space of g . These modules are not highest weight modules and are somewhat similar to the adjoint representation. Note that the map assigning to a function @ + V its value at 1 defines a homomorphism 6 + Vi . The space 6 is endowed with an obvious module structure over the algebra @[t, t-'1, and it is easy to see that multiplication
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by an element of @[t , t-'1 is a g-endomorphism of the 6-module 6 . Finally, note that 6 is a graded &module, that is, 6 = eiEZ = V @ t i .
, with 6
First we will compute the cohomology of h, with coefficients in P . The Lie algebra I?+ is a graded subalgebra of i, and 6 is a graded &module and 6,-module. Denote by C*(A+ ; 6) the cochain complex of ii, with coefficients in the h+-module 6 . The complex C*(h+; 6) and the cohomology H*(h+; P)
are graded by weights. To state this, we introduce the notation where and
In this notation the grading is c* (e, ; 6)= $C; , ) (a, ; 6) mEZ and, similarly, H*(R, ; 6)= $Hi,)(R+ ; 6 ) .
mEZ Lemma 1. H&)(h+;6) E H*(h+;6 )forall m E Z Proof. The composition of mappings CL, (6, ; 6) C*(A, ; 6) C* (h, ; K ) , where i is the embedding and s is induced by the homomorphism 8 + 6 , is obviously a complex isomorphism.
Moreover, the isomorphisms Now let us compute the cohomology H*(ii+ ; 6 ) .Introduce the subalgebra
In the following we will identify g with g @ 1 c g [t] .
The Lie algebra it+ is embedded into g [t] , and 6 is naturally endowed with a g[t]-module structure.
Theorem 1. We have the following isomorphism of cohomology spaces:
~' ( 6 , ;6)
Proof. We begin the proof, which will take most of this paper, by introducing two subalgebras of 6 . The first is
consisting of loops p(t) which vanish at 1, and the second is l i= R+ n g. On the other hand, T o T~* (~) ( C H*(RG).
, C)
Indeed, the cohomology algebra of g with trivial coefficients coincides with the cohomology algebra of G ,and by the Hopf Theorem it is commutative and free (see [S] ). Using the computation of TorA(C, C) for the free commutative algebra A ([M, Proposition 7.31 and see also [A] ) and the connection between the cohomology of G and RG ,we get the isomorphism TorA (C , C) E H*(SZG):
where e,, E Ha' . SO with the mapping G + SZG we have where deg ca,-1 = a i -1. The generators of the cohomology are the homotopy groups. To complete the proof of Theorem 2 we will need the next proposition.
Proposition 1. The spectral sequence degenerates, namely, its second term E2 coincides with the limit term Em .
Proof. We shall indicate explicit cocycles of C* (n) which represent the generators of E2 . For this we apply the continuous cohomology theory. Let n(0, 1) be the Lie algebra of infinitely differentiable functions f:[0, 11 -t g such that f (0) E n and f (1) = 0 . Denote by C,*(O, 1) the complex of cochains of n(0, 1) ,continuous in the Cm-topology. Let a be a generator of H*(g) and This means that
In particular, 6 J, Then it follows that the spectral sequence converges to H*(A+) sH*(g[t], g; K).
Thus our spectral sequence is the product of H*(fi+) @ H*(g[t], g ; 6 ) with the spectral sequence of the Serre path fibration EG -+ G. This completes the proof of Theorem 1.
Theorem 3. Hi(fi+;0) E C[t , t -' ] s~Hi-' (h+) for any nonnegative integer i .
Proof. Let V = g as in Lemma 1'. Then Lemma 1' implies that Hi(fi+ ; 0) is a free @[t , t-l]-module of rank equal to dim Hi(fi+ ; 6 ) .
The cohomology of 6, with trivial coefficients is known (see [GL] ). Using this result, it is not difficult to find the cohomology H*(tg [t] ) of the algebra tg[t] = (g 8 t) $ (g @I t2) $ ... (see also [GI and [GL] ; the proof in [GL] is basically the same as the proof of the cohomology result of fi+ with trivial coefficients). We need only the following fact. The space H*(tg [t] ) is a g -module
